In this paper, we provide the boundedness property of the Riesz transforms associated to the Schrödinger operator L = −∆ + V in a new weighted Morrey space which is the generalized version of many previous Morrey type spaces. The additional potential V considered in this paper is a non-negative function satisfying the suitable reverse Hölder's inequality. Our results are new and general in many cases of problems. As an application of the boundedness property of these singular integral operators, we obtain some regularity results of solutions to Schrödinger equations in the new Morrey space.
Introduction
In 1938, the classical Morrey space was firstly introduced by Charles B. Morrey in [23] for studying the second order elliptic equations. Several standard properties of Morrey space can be found in [1, 8] and [34] . The advantage of using this functional space lies in the fact that ones can obtain better regularity properties for solutions of the boundary elliptic and parabolic equations in Morrey space. However, the regularity results for many partial differential equations can be provided as applications of the boundedness properties of several singular integral operators. By these interesting applications, many mathematicians considered the boundedness properties of singular integral operators in different kinds of functional spaces so called Morrey type spaces.
Recently, many authors have considered this kind of problem by extending to several weighted Morrey spaces, for instance [8] , [16] and [13] . They have showed that the singular integral operators are not only bounded in weighted Lebesgue spaces but also in weighted Morrey spaces. In addition, lots of Morrey type spaces associated to a Schrödinger operator have been also studied (see [2, 19, 21, 27, 33] ) to extend the wellknown Morrey spaces. In recent years the problem related to Schrödinger operator has attracted a great deal of attention of many mathematicians; see [3, 4, 5, 6, 7, 9, 10, 22, 29, 35] and references therein.
Motivated by these works, we consider in this paper the boundedness property of some singular integral operators associated to a Schrödinger operator L = −∆ + V on R n , n ≥ 3 in new generalized Morrey spaces, where the potential V belongs to RH q for some q > n/2, i.e., there exists a constant C = C(q, V) > 0 such that the reverse Hölder's inequality α,θ (ω, ν), respectively. The regularity result of solutions to Schrödinger type equations in these functional spaces is also obtained as an application. We note that all notations and definitions will be introduced in the next section.
The boundedness property of the L-Riesz transform R L in L p has been studied by Zhong [35] with a non-negative polynomial V and by Shen [29] if V ∈ RH n/2 . On the other hand, the boundedness of the
has been proposed by Sugano [32] . With our knowledge, the boundedness property of two above operators R L and R L β have never been studied in our Morrey type space M p,s α,θ (ω, ν) even in the classical Morrey space M p θ/p . Hence, we believe that the results in this paper are general in many cases of the problem.
Moreover, we emphasize here that the space M p,s α,θ (ω, ν) in our paper is a generalized version of many well-known Morrey type spaces.
• In the case when V = 0, ω = ν = 1, s = ∞ and α = 0, the space M • In 1988, Fofana [14] proposed an extension of the classical Morrey space (see [11, 12] 
When V = 0, ω = ν = 1 and α = 0, the space M
• In 2009, Komori and Shirai [18] introduced the Morrey type space M p q (ω, ν) with two Muckenhoupt weights ω and ν as
When V = 0, s = ∞, θ = 1/q − 1/p and α = 0, two Morrey spaces M p q (ω, ν) and M p,s α,θ (ω, ν) are exactly the same.
• In 2009, Tang and Dong [33] defined a Morrey space L p,λ α,V associated to Schrödinger operator by
When s = ∞ and ω = ν = 1, the space M
• Later in 2014, Feuto [13] 
It is easy to see that if
• In 2014, Liu and Wang [21] defined a weighted Morrey space L p,λ α,V,ω associated to Schrödinger operator by
When s = ∞ and ν = 1, the space M
The first goal of this paper is to prove the boundedness of the Riesz transform R L in the Morrey space M p,s α,θ (ω), where ω belongs to a class of Muckenhoupt weights A p . We then apply this boundedness property to obtain the regularity result of solutions to Schrödinger equations (−∆ + V)u = f .
. Let u be a solution to the following equation
then there exists a positive constant C such that
In the second goal of this paper, we prove the boundedness property of the Lfractional Riesz transform R L β in the new weighted Morrey space M p,s α,θ (ω p , ω q ), where the weight ω belongs to A p,q . Finally, we establish the regularity of solutions to Schrödinger type equations (−∆ + V) β u = f in this space.
there exists a positive constant C such that
Assume that V ∈ RH n/2 and f ∈ M p,s α,θ (ω p , ω q ). Let u be a solution to the following equation
The rest of the paper is organized as follows. In the next section, we present some standard notations and definitions of Muckenhoupt weights and reverse Hölder classes. We then recall some basic and useful properties of these classes for the convenience of the reader. Moreover, a new generalized weighted Morrey space is also introduced in this section. In Section 3, we first prove the boundedness of the L-Riesz transforms R L in the weighted Morrey space M p,s α,θ (ω). Then we apply this boundedness property to get the regularity result for Schrödinger type equation (1.2). In the last section, we provide the boundedness of the L-fractional Riesz transforms R L β in generalized weighted Morrey space M p,s α,θ (ω, ν). Finally, we obtain the regularity result for Schrödinger type equation (1.4) by using the boundedness of the L-fractional Riesz transform R L β .
Preliminaries 2.1 Notations
We first introduce some nations that we use throughout the paper. For 1 ≤ p ≤ ∞, we denote by p ′ the Hölder conjugate exponent of p, i.e.,
Notation B(x, r) denotes a open ball in R n with radius r > 0 and centered at x ∈ R n . For each ball B = B (x, r) in R n and for any λ > 0, we set λB := B (x, λr), S 0 (B) = B and S j (B) = 2 j B\2 j−1 B for any j ∈ N * .
We denote by E c and χ E the complement of the set E in R n and its characteristic function, respectively. The average integral of a function f in a measurable subset E of R n is defined by
where |E| denotes the Lebesgue measure of E.
For a weight ω, we mean that ω is a non-negative measurable and locally integrable function on R n . For any measurable set E ⊂ R n and the weight ω, we denote
Muckenhoupt weights and reverse Hölder classes
In this subsection, we first recall the definitions of Muckenhoupt weights A p and the reverse Hölder classes RH q . Then we present some known properties of them which are useful for our results.
For the case p = 1, we say that ω ∈ A 1 if there exists a positive constant C such that for all balls B ⊂ R n ,
Moreover, we set
Definition 2.2 For some 1 < q < ∞, we say that the weight ω belongs to reverse Hölder class RH q if there exists a positive constant C such that for all balls B ⊂ X,
When q = ∞, we say that ω ∈ RH ∞ if there exists a constant C > 0 such that for all balls B ⊂ X,
For σ ≥ 1, we say that the weight ω belongs to D σ if there exists a constant C > 0 such that
We note that ω ∈ A p implies that ω ∈ D p . Let us introduce a positive function ρ : R n → R defined by:
We define by RH ⋆ n/2 the set of all functions V ∈ RH n/2 , such that there exists a positive constant C not depending to V such that
for all x ∈ R n . Here Du and D 2 u denote the gradient and the Hessian matrix of a function u respectively. [17, 30] );
Remark 2.4 We remark that
ii) and if V(x) = |P (x)| α , where α > 0 and P (x) is a polynomial, then V ∈ RH ⋆ n/2 .
We now recall an important property of the auxiliary function ρ (x) in the following lemma.
Lemma 2.5 (see [29] ) Let V ∈ RH q with q ≥ n 2 . Then there exists a positive constant C such that
Moreover, there exists N 0 ∈ N such that
for all x, y ∈ R n . Lemma 2.6 Let α ∈ R, the ball B = B(y, r) in R n and the function ρ is given by (2.2).
There holds
Moreover, for all m ∈ N, x ∈ B and z ∈ S j (B), there exists N 0 ∈ N such that 6) and
for every j ∈ N and m > (N 0 + 1)(|α| + α).
Proof. It is easy to see that if α < 0 then
−α ,
We thus get for all α ∈ R,
which leads to (2.5). To estimate (2.6), we first note that by (2.3) in Lemma 2.5 for any x ∈ B, z ∈ S j (B) , we have |x − z| ∼ 2 j r and ρ(x) ∼ ρ(y). Applying (2.4) in Lemma 2.5, we then get that
which leads to estimate (2.6). Finally, to obtain the inequality (2.7), we first remark that
for all α ∈ R. It follows that
(2.8)
we deduce estimate (2.7) from (2.8). The proof is complete. Now, we recall some basic properties of the Muckenhoupt weights and the reverse Hölder classes.
Lemma 2.7 (See [31, Lemma 2.1] and [15, Proposition 7.2.8]) The following properties hold:
vi) There exists δ ∈ (0, 1) such that for any ball B ⊂ R n and any measurable subset
To establish the weighted inequality for fractional integrals, we need to introduce class A p,q .
Definition 2.8
We say that a weight ω belongs to the class A p,q for 1 ≤ p < ∞ and 1 ≤ q < ∞, if there exists a positive constant C such that
for any ball B in R n . The connection of A p,q and A m is also showed in the following lemma. ii) ω ∈ A 1,q if and only if ω q ∈ A 1 .
A generalized Morrey type space
Let us now introduce a new Morrey type space which is a generalized version of many well-known Morrey type spaces.
where the function ρ is defined by (2.2) . In the case of ω ≡ ν, we denote M 
Boundedness of L-Riesz transform
In [29] , Shen proved that the operator R L is a Calderón-Zygmund operator if V is a non negative polynomial and R L is bounded in L p if V ∈ RH n/2 . In this paper, we obtain the general result in the new Morrey space M p,s α,θ (ω, ν) under the assumption V ∈ RH ⋆ n/2 . Let us introduce a kernel K(x, y) associated to operator R L as follows
We next state several lemmas which are useful to prove our main result about the boundedness property of the L-Riesz transform R L in Morrey space M p,s α,θ (ω, ν). The proof of Lemma 3.1 can be found in [26, Lemma 3.6] .
for all x, y ∈ R n , x = y.
holds for every ball B ⊂ R n .
Proof. We consider two cases p = 1 and p > 1. For the first case p = 1, since ω ∈ A 1 we obtain that
for every ball B ⊂ R n . For the second case p > 1, by Hölder's inequality and the definition of A p , one has
for every ball B ⊂ R n . The proof is complete. 
Then there exists a constant C > 0 not depending on B such that for all f ∈ M p,s α,θ (ω) and m > (N 0 + 1)(|α| + α), there holds
Proof. Be the definition of the function F in (3.2), we can estimate
Using the inequality (2.7) in Lemma 2.6, we obtain from (3.4) that
Thanks to (2.9) in Lemma 2.7 and remark that 1/p − θ ≥ 0 in the above inequality, we can estimate A as follows
By the definition of f M p,s α,θ (ω) in Definition 2.10, we can conclude that
which leads to (3.3) with noting that 1/p − θ ≥ 0. The proof is complete.
Proof of Theorem 1.1. Let f ∈ M p,s α,θ (ω) and the ball B = B (y, r) . We decompose f by f = f χ 2B + f χ (2B) c =:
Thanks to Lemma 3.1 and the inequality (2.6) in Lemma 2.6, for all m ∈ N, one has
Applying Lemma 3.2, we obtain from (3.5) that
which leads to
for almost everywhere x ∈ B. From (3.6) and the boundedness of the Riesz transform R L in the weighted Lebesgue space L p (ω), we get that
Multiplying two sides of (3.7) by ω (B)
where
and
Applying (2.5) in Lemma 2.6, we can estimate J 1 as
where we use the doubling property (2.1) of ω in the last inequality. Combining this estimate and inequality (3.3) in Lemma 3.3, there exists a positive constant C such that 
Boundedness of L-fractional Riesz transform
To consider L-fractional Riesz transform R L β = DL −β , we recall the classical Riesz potential. In 1974, Muckenhoupt and Wheeden [24] proposed the boundedness property for the classical Riesz potential I β defined by
in weighted Lebesgue space L p (ω). Their result is stated in the next lemma.
We denote by K β (x, y) the kernel associated to the L-Riesz potential R L β . An estimate of the kernel K β (x, y) is directly obtained by using estimation (11) in [20, page 241].
Proposition 4.2 Let
There exists C m > 0 such that for any ball B, for all x ∈ B, y ∈ (2B) c there holds
Combining the definition of the Riesz potential I β in (4.1), Lemma 4.1 and Proposition 4.2 we may obtain the next lemma.
We now proof the following lemma.
For any ball B = B(y, r) and m > (N 0 + 1)(|α| + α), there exists C > 0 not depending
where the function W(f, B) is defined by
Proof. By (2.7) in Lemma 2.6, we can estimate
Thanks to estimate (2.9) and noting that 1/q − θ ≥ 0, one deduces from (4.4) that
Taking the supremum both sides of (4.5), by the definitions of · M p,s α,θ (ω p ,ω q ) , we obtain that
Since 1/q − θ > 0 there holds
which completes the proof.
Proof of Theorem 1.3. Let B = B(y, r) be a ball in R n and f ∈ M p,s α,θ (ω p , ω q ). We decompose f as follows
By the linearity of R L β , one has
We can estimate J 1 by the boundedness from L p (ω q ) into L p (ω p ) of R L β in Lemma 4.1, we have 6) where the last inequality is obtained by inequality (2.5) in Lemma 2.6. From (4.6), the doubling property of ω q gives us 
